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Scaling limits: BM

Probability and transforms

If the random variable X has density f(x) so that
b
P(a< X < b) = / F(x)dx
a
then f(x) has Fourier transform
F(k) = E(e™™) = / e F(x)dx
= [T ik Ry f(x)d
= _Oo( — 1 X—I—E(/ x)" 4 -+ )f(x)dx
. 15
:1—lk,u1—§k o 4

where the /th moment is 1 = [ x'f(x)dx
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Scaling limits: BM

Central limit theorem

If g =0 and pp = 2 then f(k) =1 —k* 4 ---
The 11D sum S(n) = X1 +--- + X, has FT f(k)" and the
normalized sum S(n)/+/n has FT

(Fervm) == (/v -y

2 n
n
—k2 _ A
—e “ =g(k) as n— oo.

Inverting the Fourier transform reveals a Gaussian(Normal) density

1
g(X) = 7,4—7[_6 /4
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Scaling limits: BM

Brownian motion

X, particle jump at time n then

S(n) = X1+ --- + X, is the location of the particle at time n.
Expanding the time scale by a factor of ¢ > 0 and taking limits as
¢ — 0o shows that ¢~ /25([ct]) = B(t) since

R k2 [ct]
FcY2k)letl = (1 - 4. )
Cc

— e ¥t =p(t, k) as ¢ — oo
for all t > 0. Inverting the FT shows that the density of the

limiting Brownian motion process B(t) is Gaussian (Normal)

1
p(t,x) = \/ﬁefx2/4t.
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Scaling limits: BM

Scaling limit: Brownian motion
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Random graph of fractal dimension 1.5 and no jumps.
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Scaling limits: BM

MICROSOFT CORP Splits: ¥
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Most likely shape of a Brownian path.

Microsoft stock-the last two years
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Scaling limits: BM

Derivatives and transforms

m If the Laplace transform of f(t) is defined for s > 0 by

f(s) = /O h e StF(t)dt

df (t
then d(t)

m If the Fourier transform of f(x) is defined for k € R by

has Laplace transform sf(s) — £(0).

Fk) = /R e " f(x)dx

df (x)
dx

then has Fourier transform ik7 (k).
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Scaling limits: BM

The diffusion (heat) equation

Taking Fourier transforms in the classical diffusion equation
oep(t,x) = 2p(t, x)

yields
0ep(t, k) = (ik)?p(t, k) = —K2p(t, k)
whose solution ,
p(t k) =e Kt

inverts to the same limit density for the Brownian motion B(t).
For a cloud of diffusing particles p(t, x) is the particle density.
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Scaling limits: BM

Brownian motion and diffusion (heat) equation

Let B(t) € R be Brownian motion started at x. Then the function
(convolution of f and p(t, x))

< 1

u(t, x) = Ex[F(B(1))] = / e~ (4 () dy

—oo VATt

solves the heat equation

Oru(t,x) = d2u(t,x), t>0, xeR
u(0,x) = f(x), xeR.
This is due to J.L. Doob (1956).

In this case we say, Brownian motion B(t) is a stochastic solution
of the heat equation.
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Scaling limits: fractional diffusion

Continuous time random walks

R —
Xot
2 1 X3
X1 —
0 T
Ji J2 J3 Ja Js t

The CTRW is a random walk with jumps X, separated by ran-
dom waiting times J,. The random vectors (X, J,) are i.i.d.
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Scaling limits: fractional diffusion

Waiting time process

Jn's are nonnegative iid.
T,=Ji+Jo+---+ J,is the time of the nth jump.
N(t) =max{n>0: T, <t} is the number of jumps by time
t> 0.
Suppose P(J, > t) ~ Ct™8 for 0 < g < 1.
Scaling limit
C_l/BT[Ct] - D(t)

is a [3-stable subordinator.
Since {T, < t} = {N(t) > n}

cPN(ct) = E(t)=inf{u>0: D(u) > t}.

The self-similar limit E(ct) 4 c?E(t) is non-Markovian.
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Scaling limits: fractional diffusion

Continuous time random walks (CTRW)

Particle jump random walk has scaling limit

c125([ct]) = B(t).

Number of jumps has scaling limit c™?N(ct) = E(t).

CTRW is a random walk subordinated to (a renewal process) N(t)

S(N(t)) = X1 + X2 + -4 XN(t)
CTRW scaling limit is a subordinated process:

cPRS(N(ct)) = (?)V25(c? - cPN(ct))
~ ()V25(PE(t)) = B(E(t)).

The self-similar limit B(E(ct)) g c?/2B(E(t)) is non-Markovian.
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ctional diffusion

Scaling limit: Subordinated motion
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Scaling limits: fractional diffusion

Power law waiting times

m Wait between solar flares 1 < 5 < 2

m Wait between raindrops 8 = 0.68

m Wait between money transactions § = 0.6

m Wait between emails 8 ~ 1.0

m Wait between doctor visits § ~ 1.4

m Wait between earthquakes 8 = 1.6

m Wait between trades of German bond futures 8 = 0.95
m Wait between Irish stock trades 5 = 0.4 (truncated)
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Scaling limits: fractional diffusion

Fractional derivatives: An old idea gets new life

m Fractional derivatives D?f(x) for any 3 > 0 were invented by
Leibniz (1695) soon after the more familiar integer derivatives.

m The Caputo fractional derivative of order 0 < § < 1 defined by

1 tdg(s) ds
O )y e O

was invented to properly handle initial values (Caputo 1967).

m Laplace transform of D g(t) is s°&(s) — s°~1g(0)
incorporates the initial value in the same way as the first
derivative.
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Scaling limits: fractional diffusion

examples

- B . F(1+p) -8
De(t7) = r(p+1—5)tp

- DB(M) — APt =7
c(et)=MNe _7F(1—,8)?

T
)

DY (sint) = sin(t +

Erkan Nane DEPARTMENT OF MATHEMATICS AND STATISTICS AUBURN UNIVERSITY

Fractional Cauchy problems on bounded domains: survey of recent results



Scaling limits: fractional diffusion

Time-fractional model for anomalous sub-diffusion

Nigmatullin (1986), Zaslavsky (1994) studied the Cauchy problem
au(t,x) = d2u(t,x);  u(0,x) = f(x) (2)

that models particles that wait for a time J, before the nth jump,
where P(J, > t) ~ t=# for some 0 < 8 < 1.
The solution to time-fractional diffusion is given by

u(t, x) = E(F(B(E(1)))) = /0 " ol x)ge (D!

p(l,x) = E,(f(B(/))) solution to the heat equation.
8e(t) (/) density of E(t)

In finance, E(t) represents the number of trades by time t.
E.(B(E(t))) = xE(E(t)Y/?) ~ xt?/2.
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Initial-Boundary value problems

Heat equation in bounded domains

Heat equation in D with Dirichlet boundary conditions:
Oru(t,x) = Axu(t,x), xeD, t>0,
u(t,x) = 0, xedD; u(0,x)="f(x), xeD.
When D = (0, M) can be solved by separation of variables: set
u(t, x) = ¢(x) T(t). Hence ¢(x) satisfies
0e0(x) = =26(x), x € (0,M),A>0; 6(0) =0, ¢(M)=0
and T(t) satisfies T'(t) = —=AT(t); T(0)=1.

2 m2n?

= 2 i — _ oAt
dn(x) = <M) sin(ntx/M), X\, = R Ta(t) = e Mt

Same applies in any dimension d > 1.
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Initial-Boundary value problems

Heat equation in bounded domains

Denote the eigenvalues and the eigenfunctions of A on a bounded
domain D with Dirichlet boundary conditions by {\n, ¢n}52 ;;

App(x) = —Andn(x), x € D;pn(x) =0, x € ID.
mp(X) =inf{t > 0: X(t) & D} is the first exit time of a process
X, and let f(n) = [, f(x)¢n(x)dx. The semigroup given by

To(t)f(x) = Exf(B(t)I(rp(B) > t)] =Y e *hn(x)F(n)
n=1

solves the heat equation in D with Dirichlet boundary conditions:

Oru(t,x) = Ayu(t,x), xe D, t>0,
u(t,x) = 0, xe€dD; u(0,x)="f(x), xeD.
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Initial-Boundary value problems

Fractional diffusion in bounded domains

u(t,x) = Au(t,x); xeD, t>0 (3)
u(t,x) = 0, xedD, t>0; u(0,x)="f(x), xeD.

has the unique (classical) solution

u(t,x) = Z?(nM)n(X)Eﬂ(_)\ntﬁ)
n=1

= E.[f(B(E(t)I(rp(B) > E(t))]
= EJf(B(E(t)(mp(B(E)) > t)]

= [ o) ()een e

0

’Joint work with Meerschaert and Vellaisamy, AOP (2009). ‘
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Initial-Boundary value problems

Analytic solution in intervals (0, M) C R was obtained by Agrawal
(2002).
In this case, eigenfunctions and eigenvalues are

72 n?

Pn(x) = (,i,)l/z sin(nmx /M), Ap=

The time fractional diffusion on (0, M) has the solution

o 1/2
u(tx) = S F(n) (/@) sin(nmx/M)Es(—Ant?)

n=1

here -
Zn
Ex(z) = kzzo (1< Bn)

For 5 =1, E1(—z) = e~ %, and u coincides with the solution of the
heat equation on (0, M).
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Initial-Boundary value problems

Sketch of Proof

m Use Green's second identity and Dirichlet b.c. to write
/ dn(x)Axu(t,x)dx = / u(t, x)Axpn(x)
D D
= n [ alt.X)6,(x)dx = Az )
D

Apply to both sides of the fractional Cauchy problem to get

8%u(t, n) = —Anu(t, n). (4)
m taking Laplace transforms on both sides of (4), we get
sPi(s,n) — s°71a(0, n) = =, i(s, n) (5)
m Collecting the like terms leads to (s, n) = ?gg)ji;l.
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Initial-Boundary value problems

Sketch of Proof (page2)

By inverting the above Laplace transform, we obtain

a(t,n) = F(n)Es(=Xt?)
in terms of the Mittag-Leffler function defined by

o0 k
z
E = -
5(2) kz::O F(1+ Bk)

Compute the Laplace transform of the hitting time density

E(e M) = / e Mgew(l)dl = Eg(—At?).
0

Inverting now the ¢,-transform, we get an L?-convergent solution
of Equation (3) as (for each t > 0)

u(t,x) = > F(n)dn(x)Es(—Ant”) (6)

Erkan Nane DEPARTMENT OF MATHEMATICS AND STATISTICS AUBURN UNIVERSITY

Fractional Cauchy problems on bounded domains: survey of recent results



Initial-Boundary value problems

Sketch of Proof (page3)

To get the probabilistic form of the solution we proceed as

Ex[f(B(1))!(mp > N]ges)()d!
= E[f(B(E(t)))/(rp(B) > E(t))]
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Ultraslow diffusion in bounded domains

Stochastic model for ultraslow diffusion

Let suppu C (0,1) be a finite measure. B; iid with dist. pu.

Jr 4 c~1/B J; nonnegative iid with

P(h >t)= [yt Pu(dB), t>1and

1, 0<u<c P

P(c™/Ph > u|By = B) = { clyB. u> U8

Time of the nth jump at scale ¢ has

T((t) = ZEC:t::II_ Jf = W(t), increasing Lévy process.

The number of jumps by time t > 0 at scale ¢ has scaling limit;
Nf =max{n>0: Tn) <t} = E(t)=inf{T>0: W(r)>
t}.

X{ iid jumps has scaling limit

Sct)y =X{+ X5 +--- + X = B(t) then

ct]

S(Nf) = B(E(t
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Ultraslow diffusion in bounded domains

Ultraslow diffusion

E[e~sW:] = e~t¥w(5) and Laplace exponent

owls) = [ (e = Do) = [T Bu(ds). (@)
The Lévy measure is
1
o00) = —B
owit.oc) = [ (a9 (9)

Then stochastic model for ultraslow diffusion B(E(t)) is a
stochastic solution of

1
D™ u(t, x) :—/0 P u(t, x)v(dB) = Axu(t,x); v(dB) = T(1 — B)u(dp).

For special v: Ex(B(E(t))) = xE(E(t)'/?) ~ x(log t)?/2.
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Ultraslow diffusion in bounded domains

Ultraslow diffusion in bounded domains

DM u(t,x) = Acu(t,x); xeD, t>0 (10)
u(t,x) = 0, xedD, t>0; u(0,x)=f(x), xeD.

has the unique (classical) solution

o0

u(t,x) = 3 F(n)én(x)h(t, An) = /0 T T (g (!

= El[f(X(E(1))I(mp(X) > E(1))]
= EJ[f(X(E()(rp(X(E)) > t)]

where h(t,\,) = E(e~E®).
’Joint work with Meerschaert and Vellaisamy (2009). ‘
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Ultraslow diffusion in bounded domains

Eigenvalue problem for distributed order time derivative

h(t, \) = E(e *E()) is the solution of

DM h(t, ) = —Ah(t, A); h(0,\) = 1. (11)

In the case p(dpB) = p(B)dpS; by inverse Laplace transform it has
the representation

h(t,\) = :\r/o rtemd(r,1)dr (12)

where for U(r) = fol rPsin(Bm)F (1 — B)p(B)dS3

U |
o ré cos(Bm)T (1 — B)p(B)d + A2 + [U(r)]?
Due to Kochubei (2008).
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Ultraslow diffusion in bounded domains

Equivalence to Higher order PDE's

m For any m=2,3,4,... both the Cauchy problem

m—1 p/m-1 m _ B
Oru(t,x) = Jz_; FG7m) A F(x)+ ATu(t, x);  u(0,x) = f(x)

(13)

and the fractional Cauchy problem:
O Mu(t,x) = Acu(t,x); u(0,x) = F(x),  (14)
have the same unique solution given by
ultx) = [ (s, x)een(s) ds = Bx(F(BE(®)

m Due to Allouba and Zheng (2001), Baeumer, Meerschaert,
and Nane (2007), Keyantuo and Lizama (2009).
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Ultraslow diffusion in bounded domains

Connections to iterated Brownian motions

m Orsingher and Benghin (2004) and (2008) show that the
solution to

0% u(t,x) = Axu(t,x);  u(0,x) = F(x),  (15)
is given by running

In+1(t) = B1(|B2(IBs(| - - - (Ba+1(t)) - - - D)
Where B;'s are independent Brownian motions, i.e.,

u(t,x) = Ex(f(In+1(t))) solves (15), and solves (13) for
m=2",
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Ultraslow diffusion in bounded domains

IBM in bounded domains

The (classical) solution of

2"—1 i/on
/-1 n
deu(t,x) = > r(J_/m)A{(f(x) + A% u(t,x), xeD, t>0;
j=1

u(t,x) = Axlu(t,x) =0,t>0, xedD, I=1,---2"—1;
u(0,x) = f(x), xeD
is given by (running
In41(t) = Bi(|Ba(- - [Bata(t)[)]) = Bui(l/n(1)]))
u(t,x) = Ex[f(l1(t))/(7p(B1) > [In(t)[)]

- /O To()F()A(E, 1], (16)

where h(t, ) is the transition density of {/,(t)}.

Proof: equivalence with fractional Cauchy problem for § = 1/2".
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Ultraslow diffusion in bounded domains

Extensions: Markov generators

The Markov process X(t) with generator
d d
L= aj(x)00gu+ > bi(x)du (17)

ij=1 i=1

solves dX(t) = o(X(t))dB(t) + b(X(t))dt with a= oo . Then
p(t, %) = To(t)F(x) = BF(X(D)I(70(X) > t)]
solves the Cauchy problem
Orp(t, x) = Lyp(t, x)

with Dirichlet boundary conditions.
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Ultraslow diffusion in bounded domains

Further research

Extension to Neumann boundary conditions...
Extension to 5 > 1

Extensions to other time operators; tempered fractional
derivative...

o\ e 1 d [te’g(s)ds

() sO= i ] G Ve
- g(O e N grB-1 gy
gy ), e

m Fractal properties of B(E(t)) and other subordinate processes

m Work in progress for the Subordinated Brownian motions, e.g.
symmetric stable process as the outer process....

m Applications-interdisciplinary research
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Ultraslow diffusion in bounded domains

Thank You!
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