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Fractional differentiation

Two approaches

» Riemann-Liouville fractional derivative of order 0 < 8 < 1;

Dig(t) = ml_mgt [ / tg(s>(tj’ss)ﬁ]

with laplace transform s%g(s) fo e tg(t)dt denotes
the usual Laplace transform of g
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Fractional differentiation

Two approaches

» Riemann-Liouville fractional derivative of order 0 < 8 < 1;

Dig(t) = ml_mgt [ / tg<s>(tj’ss)ﬁ]

with laplace transform s%g(s) fo e tg(t)dt denotes
the usual Laplace transform of g

» Caputo fractional derivative of order 0 < § < 1;

1 tdg(s) ds
Dl g(t) = 1
tg() r(l—,@)/(; ds (t—S)ﬁ ()
was invented to properly handle initial values (Caputo 1967).
Laplace transform of D/ g(t) is s°g(s) — s°1g(0)
incorporates the initial value in the same way as the first
derivative.
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Fractional differentiation

examples
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Fractional differentiation

examples
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Fractional differentiation

examples

> _
Di(e) = e e
>
DY (sint) = sin(t + %)
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Fractional Diffusion

Cauchy Problems

Nigmatullin (1986) gave a Physical derivation of fractional diffusion

o8
5gpt(t.x) = Leu(t,x); - u(0,x) = f(x) (2)

where 0 < 3 < 1 and Ly is the generator of some continuous

Markov process Xp(t) started at x = 0.
Zaslavsky (1994) used this to model Hamiltonian chaos.
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Fractional Diffusion

Stochastic solution

» Baeumer and Meerschaert (2001) and Meerschaert and
Scheffler (2004) shows that, in the case p(t,x) = T(t)f(x) is
a bounded continuous semigroup on a Banach space (with
corresponding process X;, E; = inf{u: D, > t}, D; is a
stable subordinator with index 3) , the formula

u(t,x) = E(f(Xg)) = ;/OOO p(s,x)gg(ﬁ)s_l/ﬂ_lds

yields a solution to the fractional Cauchy problem:

8

B ﬁu(t x) = Leu(t,x); u(0,x) = f(x) (3)
Here gg(t) is the smooth density of the stable subordinator,
such that the Laplace transform

B3(s) = Jo~ e gp(t) dt = e’
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Fractional Diffusion

» We will use the following notation for the Laplace, Fourier,
and Fourier-Laplace transforms (respectively):

b(s, x) :/ e 'u(t, x)dt;
0

u(t, k) :/ e *xy(t, x)dx;
Rd

u(s, k):/ eik'X/ e *fu(t, x)dtdx.
R4 0

Let 9 be the characteristic exponent of X;.
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Fractional Diffusion

» Taking Fourier transforms on both sides of (3) gives

P u(t, k)

oo = UK K)
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Fractional Diffusion

» Taking Fourier transforms on both sides of (3) gives

P u(t, k)

S = w0t K)

» Take Laplace transforms on both sides, using the fact that
sPg(s) — s771g(0) is the Laplace transform of the Caputo
fractional derivative 0°g(t)/0t”, to get

sSPu(s, k) — P (k) = w(k)a(s, k)
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Fractional Diffusion

» Taking Fourier transforms on both sides of (3) gives

P u(t, k)

S = w0t K)

» Take Laplace transforms on both sides, using the fact that
sPg(s) — s771g(0) is the Laplace transform of the Caputo
fractional derivative 0°g(t)/0t”, to get

sSPu(s, k) — P (k) = w(k)a(s, k)

» and collect terms to obtain

_ _sPE(k)
BT (4)

o0
= [ e[ - w00 (K)d
0
e o



Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
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Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
> Use d(e="4)/ds = —Bs?Lue=="" to get
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Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
> Use d(e="4)/ds = —Bs?Lue=="" to get
> s0le=s"u = _(Bu)~Ld(e=5")/ds
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Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
> Use d(e="4)/ds = —Bs?Lue=="" to get
> s0le=s"u = _(Bu)~Ld(e=5")/ds

> recall e = &3(s), Laplace transform of the density of
strictly stable process of index (.
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Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
> Use d(e="4)/ds = —Bs?Lue=="" to get
> s0le=s"u = _(Bu)~Ld(e=5")/ds

> recall e = &3(s), Laplace transform of the density of
strictly stable process of index (.

> efsﬁu —_ ef(sul/ﬁ)ﬁ _ fOOO efsul/ﬁvgﬁ(v)dv —
Jo e stga(uPt)yu=/Bdt
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Fractional Diffusion

> p(t, k) = exp(y(k)t)f (k) is the Fourier transform of p(x, t)
> Use d(e="4)/ds = —Bs?Lue=="" to get
> s0le=s"u = _(Bu)~Ld(e=5")/ds

> recall e = &3(s), Laplace transform of the density of

strictly stable process of index (.

> efsﬁu —_ ef(sul/ﬁ)ﬁ _ fOOO efsul/ﬁvgﬁ(v)dv —
I e Stgg(u= Pt u1/Pdt

>

sPles"u = —(ﬂu)*ld(efsﬁ”)/ds
= g ([ e et e
= u) ; gp(tu u

— (/pu) / te gy (tu~/P)u A dt
0
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Fractional Diffusion

» we obtain

k)= [ et (fo u, k)L gg(tu=/%)u W—ldu) dt
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Fractional Diffusion

» we obtain
k)= [ et (fo (u, k) gs(tu=/P)u 1/ﬁ—1du) dt
> Invert the Laplace transform to obtain
= [ p(u, k) 5gg(tu 1BYy=1/6=1dy
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Fractional Diffusion

» we obtain
o(s, k) = [Z et (fo (u, k) gs(tu=/P)u 1/ﬁ—1du) dt

> Invert the Laplace transform to obtain
= Jo_ p(u, k) 5gp(tu~ 1BYy=1/6=1dy
> Then invert the Fourier transform to get

o) = E(F(Xe)) = 5 " b X)gs( g )u o e

Erkan Nane FRACTIONAL CAUCHY PROBLEMS



Fractional Diffusion

» we obtain
o(s, k) = [Z et (fo (u, k) gs(tu=/P)u 1/ﬁ—1du) dt

> Invert the Laplace transform to obtain
= Jo_ p(u, k) 5gp(tu~ 1BYy=1/6=1dy
> Then invert the Fourier transform to get

o) = E(F(Xe)) = 5 " b X)gs( g )u o e

» This proof is due to Meerschaert, Benson, Scheffler and
Baeumer (2002). Proof in the case p(t,x) is the solution to
an abtract cauchy problem is by Baeumer and Meerschaert
(2001)
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Fractional Diffusion

Equivalence to Higher order PDE's

» For any m = 2,3,4,... both the Cauchy problem

8u(t,x) _ - tj/m_l J X Tu(t,x); wu(0,x)=f(x
T3 I_(j/m)LXf( )+ LTu(t, x);  u(0,x) = f(x)

(5)
and the fractional Cauchy problem:
al/m
Wu(t,x) = Leu(t,x); u(0,x) = f(x), (6)

have the same unique solution given by

u(t,x) = /0 (/)™ X)g1 m(s) s
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Fractional Diffusion

Equivalence to Higher order PDE's

» For any m = 2,3,4,... both the Cauchy problem

ou(t,x) T /m-t
ot = r(j/m)

L F(x)+ LTu(t,x); u(0,x) = f(x)

(5)
and the fractional Cauchy problem:
al/m
Wu(t,x) = Leu(t,x); u(0,x) = f(x), (6)

have the same unique solution given by

u(t,x) = /0 (/)™ X)g1 m(s) s

» Due to Baeumer, Meerschaert, and Nane (2007).
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Fractional Diffusion

Connections to iterated Brownian motions

» Orsingher and Benghin (2004) and (2008) show that for
3 = 1/2" the solution to

81/2"

S () = At x); u(0,x) = f(x), (7

is given by running

In(t) = Bi(|B2(|Bs(] - - - (Bata(2)) - - )))

Where B;'s are independent Brownian motions, i.e.,
u(t,x) = Ex(f(In(t))) solves (7), and solves (5) for m = 2".
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Fractional Diffusion

Corollary

» We obtain the equivalence of one dimensional distributions in
the case E; is the inverse stable subordinator of index

B=1/2n

n(t) = B1(1Ba(1Bs(| - (Basa(8)) --- D)) & Bu(E)
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Fractional Diffusion

Corollary

» We obtain the equivalence of one dimensional distributions in
the case E; is the inverse stable subordinator of index

B=1/2n

n(t) = B1(1Ba(1Bs(| - (Basa(8)) --- D)) & Bu(E)

» We also obtain the fact that one-dimensional distributions are
the same

Ih-1(8) = Bi(1Ba(|Bs(] -+ (Balt)) -+ D)) £ s
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Initial-Boundary value problems

Heat equation in bounded domains

Given a complete orthonormal basis {t,(x)} on L?(D), we will call
(e, n) = / Bn(x)u(t, )
D
u(s,n) = D¢n(x)/0 e *tu(t, x)dtdx = /D@D,,(X)D(s,x)dx.

the ¢, and ,-Laplace transforms, respectively.
Denote the eigenvalues and the eigenfunctions of Ap by

{An, o022, where ¢, € C*°(D). The corresponding heat kernel is
given by

oo

po(t,x,y) = Ze“¢(x¢n()
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Initial-Boundary value problems

The series converges absolutely and uniformly on [tp,00) x D x D
for all tp > 0. In this case, the semigroup given by

To(t)f(x) = EdF(X)I(t < 1o(X))] = /D po(t, x.y)f(v)dy
= Ze M hn(x)F(n)

solves the Heat equation in D with Dirichlet boundary conditions:

t
8ug; x) Au(t,x), xe D, t >0,

u(t,x) = 0, xedD,
u(0,x) = f(x), xeD.
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Initial-Boundary value problems

Time-fractional diffusion in bounded domains

» Let 3 €(0,1), D = (0,00) x D and define

685

ol aBUAUEC( ),

Ha(Dx) = {u:Doo—>]R:

];uu,x) < g(x)t* 1 g € L%(D), t>o}.
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Initial-Boundary value problems

Time-fractional diffusion in bounded domains

» Let 3 €(0,1), D = (0,00) x D and define

685

ol aBUAUEC( ),

Ha(Dx) = {u:Doo—>]R:

];uu,x) < g(x)t* 1 g € L%(D), t>o}.

» Let 0 <y < 1. Let D be a bounded domain with 9D € C17,
and
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Initial-Boundary value problems

Time-fractional diffusion in bounded domains

» Let 3 €(0,1), D = (0,00) x D and define
o 0°

ol aBUAUEC( ),

Ha(Dx) = {u:Doo—>]R:

< g(x)t"* ge (D), t> 0} :

0
’E)tu(t,x)

» Let 0 <y < 1. Let D be a bounded domain with 9D € C17,
and
» Tp(t) be the killed semigroup of Brownian motion {X;} in D.
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Initial-Boundary value problems

Time-fractional diffusion in bounded domains

» Let 3 €(0,1), D = (0,00) x D and define

685

ol aBUAUEC( ),

Ha(Dx) = {u:Doo—>]R:

(e < L0 g € (D), £ 0},

» Let 0 <y < 1. Let D be a bounded domain with 9D € C17,
and

» Tp(t) be the killed semigroup of Brownian motion {X;} in D.

» Let E; be the process inverse to a stable subordinator of index
B € (0,1) independent of {X;}.
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Initial-Boundary value problems

Time-fractional diffusion in bounded domains

» Let 3 €(0,1), D = (0,00) x D and define

665

ol aBUAUEC( ),

Ha(Dx) = {u:Doo—>]R:

’gtu(t,x) < g(x)t° 1 g e L®(D), t > 0} :

» Let 0 <y < 1. Let D be a bounded domain with 9D € C17,
and

» Tp(t) be the killed semigroup of Brownian motion {X;} in D.

» Let E; be the process inverse to a stable subordinator of index
B € (0,1) independent of {X;}.

» Let f € D(Ap) N CY(D) N C?(D) for which the eigenfunction
expansion (of Af) with respect to the C.O.N. basis
{¢n : n € N} converges uniformly and absolutely.
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Initial-Boundary value problems

Then the unique (classical) solution of
u € HA(DOO) N Cb(Doo) N CI(D)

——u(t,x) = Au(t,x); xeD, t>0 (8)
u(t,x) = 0, xe€dD, t>0,
u(0,x) = f(x), xeD.

is given by
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Initial-Boundary value problems

u(t,x) = Zf (—Ant”)

— Ex[f( (Ee))(mp(X) > Ep))]
= EJfF(X(E)I(70(X(E)) > t)]

- ;/oo To(I)f(x)gs(t Y/ 8) /A1)
0

- /0 T To((t/))F (sl

’Joint work with Meerschaert and Vellaisamy (2008). ‘

Analytic solution in intervals (0, M) C R was obtained by Agrawal
(2002).
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Initial-Boundary value problems

» Assume that u(t, x) solves (8). Taking ¢,- transforms in (8)
we obtain (using Green's second identity)

B
c‘)atﬁa(t’ n) = —A,u(t, n). 9)
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Initial-Boundary value problems

» Assume that u(t, x) solves (8). Taking ¢,- transforms in (8)
we obtain (using Green's second identity)

B
c‘)atﬁa(t’ n) = —A,u(t, n). 9)

» taking Laplace transforms on both sides of (9), we get

sPi(s, n) — s°716(0, n) = —A,i(s, n) (10)
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Initial-Boundary value problems

» Assume that u(t, x) solves (8). Taking ¢,- transforms in (8)
we obtain (using Green's second identity)

B
c‘)atﬁa(t’ n) = —A,u(t, n). 9)

» taking Laplace transforms on both sides of (9), we get

sPi(s, n) — s°716(0, n) = —A,i(s, n) (10)

» which leads to _ 51
M‘ (11)
P4+,
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Initial-Boundary value problems

By inverting the above Laplace transform, we obtain

o(t, n) = F(n)Es(~Ant”)

in terms of the Mittag-Leffler function defined by

kzol’ (1+ Bk)

Inverting now the ¢,-transform, we get an L?-convergent solution
of Equation (8) as (for each t > 0)

o0

= 3" F(n)n(x)Es(—Ant?) (12)

n=1
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Initial-Boundary value problems

To get the probabilistic form of the solution we proceed as before

f(n)s?1

u(s,n) = Y

= F(n)sﬁl/ exp(—[s” + \s]u)du
0
and observe that

e " F(n) = ¢, — transform of Tp(u)f
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Initial-Boundary value problems

Corollary

C(x)
Altﬁ

[lu(t,x)[] 12 ~ C(x)Es(=Mt?) ~

In the Heat-equation case, since 8 = 1 we have
Es(—MtP) = e Mt so

Hu(t7X)HL2 ~ C(X)El(—Alt) = C(X)e_)‘lt
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Initial-Boundary value problems

Extensions

Uniformly elliptic operator of divergence form is defined on C?

functions by
d 0 (aji(x)(0u/0x;
Lu= g (aU( )5(xj [9xi)) (13)

ij=1

with a;i(x) = aji(x) and, for some A > 0,

/\Zy, < Z aj(x)yiy; <A yE, Wy eR (14)

ij=1 i=1

Erkan Nane FRACTIONAL CAUCHY PROBLEMS



Initial-Boundary value problems

» Work in progress for the Subordinated Brownian motions, e.g.
symmetric stable process as the outer process....

» Extension to Neumann boundary conditions...
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Initial-Boundary value problems

IBM in bounded domains

Let Z; = X(]Yt|) be the iterated Brownian motion,
D = (0,00) x D and define

Hp2(Ds) = {u : Doy — R : aatu, A%u e C(Dy), Au e CHD),

< g(x)t7Y2 g e [®(D), t > o} .

0
pa

Let D be a domain with 9D € C17,0 < v < 1. Let {X;} be
Brownian motion in R9, and {Y;} be an independent Brownian
motion in R. Let {E;} be the process inverse to a stable
subordinator of index 3 = 1/2 independent of {X;}.
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Initial-Boundary value problems

Let f € D(Ap) N CY(D) N C?(D)(c L2(D)) be such that the
eigenfunction expansion of Af with respect to {¢,: n> 1}
converges absolutely and uniformly. Then the (classical) solution of

u € Hpar(Dso) N Cp(Doo) N CY(D);

Eiu(t,x) = A\;%) + A%u(t,x), xe€ D, t>0; (15)

u(t,x) = Au(t,x)=0, t>0, xe€dD;
u(0,x) = f(x), xeD

is given by
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Initial-Boundary value problems

u(t,x) = E[f(Ze)I(mp(X) > [Yil)]
= EJ[f(X(E))(70(X) > Et)]
= Ef(X(E))(7p(X(E)) > )]
= 2/ To(Hf(x)p(t, Ndl, (16)
0
where Tp(/) is the heat semigroup in D, and p(t,/) is the
transition density of one-dimensional Brownian motion {Y;}.

Proof uses again equivalence with fractional Cauchy problem for
g=1/2.
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