Math 7800-110 Fall 2010 Final Exam

Instructor: Erkan Nane
Due Wednesday December 8, 2010.

Problem 1. Suppose that X, X5, -+ and Y7,Y5,--- be sequences of random variables
such that
X, = X and Y, = Y asn — oc.
Suppose that X,, and Y,, are independent for all n and that X and Y are independent.
Then show that
X,+Y, = X+Y asn— oc.

Problem 2. Let X > 0 be a random variable. Assume that >~ P(X > a,) < o0
where {ay},>0 denote a sequence of numbers such that ay = 0, ap+1 > a, and 2= 1 oo.
Let Y, = X - 1{x<4,}, n > 1. Prove the following
a. Yy~ mP(ap—1 <X <ap) < oo.
b. For every N < n we have

Y ome1 E(Yn) < n-E(Yy) I Z m. BE(X 14, 1<x<an})
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Hint: Observe that > 7 | E(Y,,) <n- E(Y,). Alsouse ;- < ™ if m <n.
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— 0 as n — oo.

Problem 3. Suppose that X, Xs, - -+ is a sequence of IID random variables and assume
that £(X;) =0 and E(X?) = 1.
a. Prove that )j—% — 0 as n — o0, a.s. Then show that in fact

max; <p<ni|Xk|}
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Hint for the second part: Show that for any sequence of numbers {a, },>1:

— 0, asn — o0, a.s.

% — 0,as n — oo implies maXle/ST_?Hak”
b. Let Xj, = Xk1{|Xk|<\f/2}, 1 <k < n. Prove that
1) >r, X’“" — > 2’“‘" converges in distribution to ¥ ~ N(—3,1). Hint: You may
use the CLT for {X,}n>1 and part a.

(i)

— 0, asn — oo.
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E — 0 as n — 00,a.s.
n3/2

c. Prove that [];_,(1+ %) converges in distribution to ¢ where Y ~ N(—1,1). Hint:

Uset the following inequality (follows from Taylor’s expansion)
2
Y

[log(1+y) —y+ | <y’ lyl < 1/2

Observe that we may have % < —1.



Problem 4. Let X be a non-degenerate random variable (i.e., it is not a constant).
Define px(\) = E(A2X? A1), A € R. Here a A b is the minimum of the numbers a,b € R.
a. Prove : (i) px(A) is continuous

(ii) B(X?) = limy o £ = sup), . 2P
b. Prove: If Y"1 px(a;) < oo then > "2 ai < .

Hint: Prove first that ay — 0 and then use part a.
c. Prove: If E(X?) < oo and Y 1o, ai < oo then > 7 px(ax) < oc.
d. Suppose X, Xy, - - - are independent, symmetric random variable (i.e. X has the same

distribution as —X}). Prove: > 77 | ay Xy converges a.s. if and only if - ¢x, (ax) < oc.

Problem 5. Let X; ~ Uniform[—k, k| for k =1,2,--- and assume that X, X5, - are
independent. Does
Zk:l Xk

V2o var(X)

converge in probability? Does it converge in distribution? Justify your answers.

Problem 6. Let X1, X, - beiid N(0,1), S, = ', X,
a. Find P(Z;.LO:I 1{|Xn|<%} < OO)
b. Flnd P(Zzozl 1{|Sn|<l} < OO)

Problem 7. Suppose that X,, = X, where random variable X has a density with
respect to Lebesgue measure. Let < t > be the fractional part of the number ¢, for
example, < m >=< 3.141592--- >= 0.141592--- Does it follow that < X,, > — <
X >?

Problem 8. Let X be a random variable with P(X =1) = P(X = —1) = 1/2. Show
that if Y is another random variable independent of X, then X + Y cannot be N(0,0?)
for any variance o2 > 0.

Problem 9. Let X, X5, -+ be symmetric (meaning + X} and —Xj, have the same dis-
tribution, for all k), not identically distributed, independent random variables. Suppose

57(11) = X1+ ---+ X, converges to a finite limit as n — oo. Show that
Sm) — X 4 XM

converges a.s. to a finite limit for m = 2,3, --- i.e. for any integer m > 2.

Problem 10. Suppose that ¢(t) = f(t) + ig(t) is a characteristic function, with real
part f(t) and imaginary part g(t).

a. Is f(t) necessarily a characteristic function? Proof or counterexample.

b. Is |o(t)|? = f2(t) + ¢g*(t) necessarily a characteristic function? Proof or counterexam-
ple.



