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Final Project

The project is due on or before Dec. 13.

You are to submit a complete project write-up (short report) which you are
proud of.... The report should include a brief introduction, description of the
problem, methods you use for solution (use to construct approximate solutions),
and discussion of parallelizability, scalability, speedup, and parallel efficiency, if
applicable.

You are to write a computer program to approximate solutions of a heat
equation posed on a 2-dimensional spatial domain. A copy of the program, as
well as, visualizations of solutions of representative examples, should be sub-
mitted.

The problem we consider is a heat equation posed on a 2-dimensional spatial
domain (on the unit square).
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Here Q = (0,1) x (0,1) and T is some given final time, u is the temperature, K
is the heat conduction coefficient (this can be a tensor, e.g. ), and f is a heat
source, or sink. You may consider problems with a constant heat conduction
coefficient K, ones where this coefficient is position dependent K = K(x), as
well as one where this is also temperature dependent K = K (z, u).

We denote the boundary of €2 by 9. In order to describe the possible
boundary conditions, assume 9€2; for i = 1...3 are open, mutually disjoint
subsets of 9 and that 9Q = U3_,09;. Also denote by I'; part of the lateral
boundary 0€; x (0,T).

The partial differential equation is supplemented by an initial condition

u(z,0) = up(x) in
and boundary conditions
U(ZL‘, t)‘rl = g(gj’ t)
—KVu(z,t) -nlp, = h(z,1)

—KVu(z,t) -nlp, = Hu(z,t)|r, — ualz,t)

where u, is the ambient temperature (you may assume it is constant, if you
choose to use this condition), H is a given constant and g and h are given
functions.



Note, you may be able to concisely write the three possible boundary con-
ditions as
a(x)KVu(z,t) - n|r + B(z)u(z, t)|r = y(x,t)

for an appropriate choice of o, 3, and ~.
We can discretize the p.d.e. as follows, for 0 < 0 <1
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For 6 = 0 the scheme is explicit, for § = 1 it is fully implicit, for § = 1/2
it is known as the Crank-Nicholson scheme. The explicit scheme is stable (and
hence, since consistent also convergent) if kKj/h? + kKo/h3 < 1/2. When
0 < 6 < 1/2 the scheme is stable if and only is kK;/h? + kK /h3 < 1/(2 — 40),
when 1/2 < 0 < 1 the scheme is stable for all kK1 /h? + kK /h3.

The boundary conditions may be discretized as follows. First order dis-
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one sided second order discretization
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or a centered second order discretization (requires the introduction of ghost
points)
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For simplicity you may want to consider only the constant coefficient case,
with Dirichlet boundary conditions. Also for simplicity you may want to limit
attention to the explicit case. This can be solved without constructing matrices,
and is more easily parallelizable (though in this case there is a constraint on the
time step that can be used, see stability condition, above).



