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Second Order Equations

A Brief Review
Consider a linear, homogeneous, constant coefficient second order equation

d? x dx
?-ﬁ-a E+bx—0.

The characteristic polynomial corresponding to this equation is
’C arC b=0

_ KaK Ja'K 4b
5 .

We will consider three distinct cases (depending on the value of a’K 4 b):

whose roots are rland r, where

. _kaC Ja'K 4b
2

1

2

I. Two distinct real roots.

If0! a’K 4 b there are two real distict roots r, s r,and the homogenous solution is

rt rt
X,(t)y=c,e Cce”.

I1. A double root.
Ifa’K 4 b=0 there are two equal roots r =r =r, and the homogenous solution is

x (t)=c, ¢'Cc te

II1. Complex conjugate roots.
Ifa’K 4b! 0 there are two complex conjugate roots

rn=aCIp r,=aKIp
a J 4bK a’

where =K —, 3= >

7 and | is the square root of -1. The homogenous solution is

x (1) =c, e cos(Bt) C c, e*'sin(Pt).

Examples:

d*x  dx
1. Consider the differential equation —— K —— K 6 =0. The characteristic polynomial is

de dt



K rK 6=0. The roots of the characteristic polynomial are
O solve(r*2-r-6=0);
3,K2

so the solution of the equation is X (t) =¢, elc C, 2t

. . . . d*x dx . o
2. Consider the differential equation ? Céo6 at C 9=0. The characteristic polynomial is
C 6rC 9=0. The roots of the characteristic polynomial are
O solve(r*2+6*r+9=0);
K3, K3

so the solution of the equation is X (t) =¢, eSte c,t et

d*x dx
3. Consider the differential equation ——~ C 4 —— C 5 x=0. The characteristic polynomial is

de dt

*C 4rC 5=0. The roots of the characteristic polynomial are
O solve(r*2+4*r+5=0);
K2C L K2K 1

K2t
c

Note, Maple writes | for/ K1, so the solution of the equation isx (t) = (C1 cos(t) C ¢, sin(t) )

d’ d
4. Consider the initial value problem ax C 4x=0,x(0)=1, d—)t((O)ZI. The characteristic

dt

polynomial is r?C 4=0. The roots of the characteristic polynomial are
O solve(r*2+4=0);
2L K21
so the general solution of the equation is X (t) =c, cos(21) C ¢, sin(2 t). We now use the initial
conditions to solve for ¢, and C,.
(O sol:=c[1]*cos(2*t)+c[2]*sin(2*t);
sol:=c, cos(2t) C c,sin(21t)

o) eql:=subs(t=0,sol)=1;
eql:=c, cos(0)C c,sin(0) =1

(O eqg2:=subs(t=0,diff(sol,t))=1;
eq2:=K2c sin(0)C 2c,cos(0) =1

1
{01—1,02—2}

sin(2t)
—

"0 solve({eql,eq2}.{c[1].c[2]});

so the solution is X(t) =cos(2t) C

Y Undetermined Coefficients




This method applies to special classes of nonhomogeneous second order equations. It is crucial that
the homogeneous problem have constant coefficients.
Consider a nonhomogeneous constant coefficient second order equation

d” x dx

?+aa+bx f(t).

If the right hand sidef (t) has the form (exponential times a polynomial times a trigonometric
polynomial) we guess a particular solution of the same form

f(=a t"C a ,C " 4 +a)cos(wt) C sin(ot)).

Then guess a particular solution of the form
kt K 1 kt K 1 :
X (= A 'C A C T+ AA)os(0 )+ B, 1'C B, | C " +.+Bpsin(wt).

If the above solution X 5 is a solution of the homogeneous equation you need to multiply it by t°
(Scounts the number of times X . is a solution of the homogeneous problem, and for a second order

equation Sis either 1 or 2).

Example:
d’x . dx - -
Consider the differential equation ? C4 at C 5 x=cos(t). The characteristic polynomial is
C 4rC 5=0. The roots of the characteristic polynomial are
O solve(r*2+4*r+5=0);
K2C L K2K I

so the solution of the homogeneous problem is X (t) =e

: . d*x dx . . .
find one particular solution of —-C 4 — C 5 X=cos(1) in order to obtain the general solution.

dt

The idea is to find this solution using an 1ntelhgent guess. The second derivative of a cosine term is
again a cosine term, but the first one is a sine term. Therefore we try an expression

X Io(t) =Acos(t) C Bsin(t) as initial guess. The goal is to find the undetermined coefficients A, B (in

X Io(t) ) in such a manner that X 5 is the desired particular solution.
[O restart:
O guess:=y(t)=A*cos(t)+B*sin(t);
guess=Yy(t) =Acos(t) C Bsin(t)

Kat (C1 cos(t) C ¢, sin(t) ) we now have to

O param:={A,B};
param:= { A, B}
O eq:=diff(y(t),t$2)+4*diff(y(t),t)+5*y(t)=cos(t);
& d
eq:= d—tz y(t)C 4 ( pm y(t)j C 5y(t) =cos(t)

subs(guess,eq);

e
22[2 (Acos(t) C Bsin(t))C 4 (E?t (Acos(t) C Bsin(t))) C 5Acos(t)C 5Bsin(t)




L =cos(t)

O simplify(%);
4 Acos(t) C 4 Bsin(t) K 4 Asin(t) C 4 Bceos(t) =cos(t)

Since cos(t) and sin(t) are linearly independent, the coefficient4 AC 4 B of the cosine on the left
hand side of the equation has to be equal to 1 (the coefficient of the cosine on the right), whereas the
coefficient 4 BK 4 Aof the sine has to be zero. This leads to two linear equations which we solve by

O sloveparam:=solve({4*A+4*B=1,4*B-4*A=0},param);
1 1
sloveparam= {Bz —, A= 8}

8
Thus, Xp(t) _ cost Cg: sin(t) is a particular solution. We can check this by using the odetest-
command.
O odetest(y(t)=(cos(t)+sin(t))/8,D(D(y))(t)+4*D(y)(t)+5*y(t)=
cos(t));
0

Therefore the general solution is given as Xge {D=x()C Xp(t), ie.
cos(t) C sin(t)
8

Xgen(t) =it (Cl cos(t) C ¢, sin(t) ) C , a fact, which you can also test by inserting

this expression into the d.e.:
@] odetest(y%t):exp(-z*t *(c[l]*cos(t)+c[2¥*sin(t))+(cos(t)+sin

(1))/8,D(D(y))(1)+4*D y)(t)+5*y(t)=COS(t3;
If in addition we were given initial conditions, we would now use those to solve for the constants C,
i and C,.
V Exercise
Find the general solution of % K3 % K 4 x=2sin(t).
.~ [O restart;
¥V Exercise
Find the general solution of % C Xx(t) =2sin(t).
_ [O restart;
V A Trick

What went wrong? Clearly, Acos(t) C Bsin(t) solves the homogeneous problem.
[O odetest(y(t)=A*cos(t)+B*sin(t),D(D(y))(t)+y(t)=0);
0

Try the guess Xp(t) =t (Acos(t) C Bsin(t)) and see what you get:
Let us explore this last guess somewhat more. Consider the nonhomogeneous problem




d? d .
dt2X C pd—)t(C gx(t) =acos(Bt) C bsin(pt)

where p and q are real numbers, 3> 0 and 0 ! a’C b’. We ask for conditions under which the guess

y(t) =t (Acos(Bt) C Bsin(Bt)) works. To this end we inserty into the differential equation.
[O restart;
O y(t):=t*(A*cos(beta*t)+B*sin(beta*t));

y(t) :=t (Acos(Bt) C Bsin(pt))
o) diff(y(t),t$2)+p*diff(y(t),t)+q*y(t)=a*cos(beta*t)+b*sin
(beta*t);

K2 Asin(Bt) BC 2Bcos(Bt) BC t (KAcos(Bt) BzK Bsin(Bt) Bz) C p (Acos(Bt)
C Bsin(Bt) C t (KAsin(Bt) BC Bceos(Bt) B))C gt (Acos(pt) C Bsin(Bt))
=acos(Bt) C bsin(Bt)

This yields the following four conditions for p, g, Aand B:

teos(Bt): KAB'C pBBC qA=0,

tsin(Bt): KBB'K pABC qB=0,

cos(Bt): 2BPC pA=a

sin(Bt): K2APBC pB=h.

(O solve({-A*beta”2+p*B*beta+q*A=0,

-B*beta”2-p*A*beta+q*B=0,

2*B*beta+p*A=a,
-2*A*beta+p*B= b} {g,p,B,A});

p=0,B=

1 a 1 b
?EJQBAkzﬁ

2
Note thatacos(Bt) C bsin(Bt) solves ax C [32 X(t) =0 as the following shows

dt
[O with(DEtools):
@] (()detest(z(t):a*cos(beta*t)+b*sin(beta*t),D(D(z))(t)+beta"2*z

’

0

consequently, one concludes that the guesst (Acos(pt) C Bsin(Bt)) only works in case that
~ Acos(Bt) C Bsin(Bt) solves the homogeneous problem.

¥V The Resonance Case

Consider a second order linear differential equation

d’x  dx
aX.a i C bx=f(t
" (1)

where &, bare real numbers, and f (t) has the formf (t) =p,(t) e cos(Bt) C q,(t) e*'sin(Bt) with

o, B real numbers and P, 0, polynomials in t of degree less than or equal to n.

Step 1. Set up standard trial function.
Step 2. Check whether any term solves the homogeneous d.e.




Step 3. If so, multiply by t and go to Step 2.
Step 4. If not, determine coefficients by inserting the improved trial function and its derivatives into

the de.

Guesses for Other Forcing Functions
Find a particular solution for the following differential equations.

a)

2
dX e o oxty =106

de dt
[O restart;

b)
d*x dx 3
d—tzK 34 —64 (PK )

[O restart;

©)
2
Z—tzx C 4x(t) =2 Esin(21)
[O restart;
Ke)



