
O 

Math 2650
A. J. Meir

Copyright (C) A. J. Meir. All rights reserved.
This worksheet is for educational use only. No part of this publication may be reproduced or transmitted for profit in any form or by any means, electronic or
mechanical, including photocopy, recording, or any information storage and retrieval system without prior written permission from the author. Not for profit 
distribution of the software is allowed without prior written permission, providing that the worksheet is not modified in any way and full credit to the author 
is acknowledged.

Consider the equation
dx
dt

C p t  x = f t .

This is a linear equation. We can always solve such equations analytically (at least get an integral 
representation for the solution.

To solve such an equation find an integrating factor µ t , such that when we multiply the equation by the
integrating factor

µ t  dx
dt

Cµ t  p t  x = µ t  f t

we get

d
dx

(µ t  x t )=µ t  f t .

Note that since
d
dx

(µ t  x t )=x t
d µ
dt

+µ t
dx
dt

we must have
d µ
dt

Kµ p = 0

this is a seperable equation which has a solution

µ t = e
p t dt

.
Hence

µ t  x t = µ t  f t dtCC

or

x t =
µ t  f t dtCC

µ t

Examples:

restart:with(DEtools):with(plots):

Consider the equation
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dx
dt

C x = 0

mu:=exp(int(1,t));
µ := et

dsolve(D(x)(t)+x(t)=0,x(t));
x t = _C1 eKt

sol:=DEplot(D(x)(t)+x(t)=0,x(t),t=-1..10,x=-2..2,[[x(0)=-2],
[x(0)=0],[x(0)=2]],linecolor=blue,stepsize=0.1):
ss:=plot(0,t=-1..10,x=-2..2,color=green,thickness=7):
display(sol,ss);
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Consider the equation
dx
dt

C x = t

mu:=exp(int(1,t));
µ := et

int_mu_f:=int(t*exp(t),t);
int_mu_f := K1C t  et

dsolve(D(x)(t)+x(t)=t,x(t));
x t =K1C tC _C1 eKt
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sol:=DEplot(D(x)(t)+x(t)=t,x(t),t=-4..8,x=-4..8,[[x(0)=-2],[x
(0)=0],[x(0)=2]],linecolor=blue,stepsize=0.1):
ss:=plot(t-1,t=-4..8,x=-4..8,color=green,thickness=7):
display(sol,ss);
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Consider the equation
dx
dt

C x = sin t

mu:=exp(int(1,t));
µ := et

int_mu_f:=int(sin(t)*exp(t),t);

int_mu_f := K
1
2

 cos t  etC
1
2

 sin t  et

dsolve(D(x)(t)+x(t)=sin(t),x(t));

x t =K
1
2

 cos t C
1
2

 sin t C _C1 eKt

sol:=DEplot(D(x)(t)+x(t)=sin(t),x(t),t=-1..15,x=-2..2,[[x(0)=
-2],[x(0)=0],[x(0)=2]],linecolor=blue,stepsize=0.1):
ss:=plot((-1/2)*cos(t)+(1/2)*sin(t),t=-1..15,x=-2..2,color=
green,thickness=7):
display(sol,ss);



t
0 5 10 15

x(t)

K2

K1

1

2


