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V Periodic functions

[ > restart:with(plots):
| Warning, the name changecoords has been redefined

> f1(t):=sin(2*t);
fI(t) :==sin(2¢)

> f2(t):=cos(3*t);
f2(t) :=cos(3 ¢)

> £3(t):=cos(5*t+2);
f3(t) ==cos(5t+2)

> f4(t):=sin(2°(1/2)*t);

f4(t) = sin(ﬁt)
> f5(t) :=cos(Pi*t);

f5(¢) :==cos(m¢)

> f1(t);£2(t);£3(t);£4(t);£5(t);
sin(2 ¢)

cos(3 ¢)
cos(5t+2)

sin(\/?t)

cos(m¢)

> plot(f1l(t)+£2(t),t=0..8);
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Phase amplitude form

In order to better see the behavior of solutions of second order equations we can use the phase

amplitude form of of periodic functions. That is given a periodic function of the form
f(t)y=acos(wt) + bsin(mwt)

we can write it as

f(t)y=Acos(wt— 3)
A= a* + b

o= arctan( b )
a

where

and

(note this last equation has two solutions which differ by i, you must chose the correct solution).

Also recall the two trigonometric identities

cos( ) — cos(PB) = -2sin( oc-2|- : J Si“( = ]

and

sin(a) — sin(p) =2 COS[%BJ Sm(a%ﬁ)

using these identities we can often rewrite periodic functions to better see the phenomenon of beats.

For example, consider the equation p (x)(t) + 9 x(¢) =sin(2 t) with initial conditions ?
[ > restart:with(DEtools):
> sol:=rhs(dsolve({D((D)(x)) (t)+9*x(t) = sin(2*t),x(0)=1,D(x)
(0)=0},x(t)));

sol = -

1
15 sin(3¢) + cos(3¢) + 3 sin(2 ¢)

Using the above identities we have that the solution can be written as



Lsin(2r) J229 cos(3 t 4 0.13255)
5 15

since

> sqrt((2/15)"2+1);evalf(arctan(2/15));

1
— /229
15

0.1325515323

V Free oscillation

undampped oscillations
4’ d

Consider the differential equation —l; + 16 x = 0. With initial conditionsx(0) =1 and %(O)Zl.
d

The characteristic equation is # 4+ 16 =0. This equation has the solutions:

[ > restart:

> solve(r”®2+16=0);
41, -41
As you know, the homogeneous problem has the general solutionx, =c, cos(4 ¢) + ¢, sin(4 ¢).
We now find ¢, and ¢,

[ > clc2:= {cl,c2};
cle2:={cl, c2}

> sol:=cl*cos(4*t)+c2*sin(4*t);
sol :=cl cos(4t) + c2sin(4¢)

> eql:=subs(t=0,s0l);
eql :=cl cos(0) + c2sin(0)

> eq2:=subs(t=0,diff(sol,t));
eq2:=-4clsin(0) + 4 c2cos(0)

> solve({eql=1,eq2=1},clc2);

1
{CZZZ,CJZI}

> sol:=cos(4*t)+(1/4)*sin(4*t);
I .
sol :==cos(4t) + Zs1n(4 1)

> plot(sol,t=0..4);
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ﬁnderdampped oscillations
2
d”x dx

Consider the differential equation —— + 2 —— + 16 x =0. With initial conditionsx(0) =1 and

df dt
dx
o (0)=1.

The characteristic equation is # 42 r+ 16=0. This equation has the solutions:
[ > restart:
T solve(r*2+2*r+16=0);

-1+1y15,-1 =115

As you know, the homogeneous problem has the general solution
X, =¢ e cos(15 1) + c, e'sin({15 ¢).

We now find ¢, and ¢,

(> clc2:= {cl,c2};
clc2:={cl,c2}

> sol:=cl*exp(-t)*cos(sqrt(15)*t)+c2*exp(-t)*sin(sqrt(15)*t);
sol :=cl e_tcos(mt) +c2 e_tsin(mt)
> eql:=subs(t=0,s0l);
eql :=cl e’ cos(0) + ¢2 e’ sin(0)
> eq2:=subs(t=0,diff(sol,t));
eq2 = -cl e’ cos(0) —cl e sin(0) /15 —¢2 e sin(0) + ¢2 e cos(0) /15
> solve({eql=1,eq2=1},clc2);




{cl=1,02=12—5\/15}

> sol:=exp(-t)*(cos(4*t)+(2/sqrt(15))*sin(4*t));

- 2
sol:=e t(cos(4t) + 0 15 sin(4 t))

> plot(sol,t=0..4);
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d’ d
Consider the differential equation - + 8 - + 16 x=0. With initial conditionsx(0) =1 and
di

dx
= (0)=1.

The characteristic equation is # + 874 16 =0. This equation has the solutions:

[ > restart:

[> solve(r"2+8*r+16=0);
-4, -4

t

As you know, the homogeneous problem has the general solutionx, =c, et 4 c,t e,

We now find ¢, and ¢,
> clec2:= {cl,c2};

cle2:={c2,cl}
> sol:=cl*exp(-4*t)+c2*t*exp(-4*t);

sol =cle '+ c2te™

> eql:=subs(t=0,s0l);




eql =cl e’

> eq2:=subs(t=0,diff(sol,t));
eq2 = -4cl e +c2¢e

> solve({eql=1,eq2=1},clc2);
{cI=1,c2=5}

> sol:=exp(-4*t)+5*t*exp(-4*t);
_ -4t -41
sol:=e "+ 5te

> plot(sol,t=0..2);
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. N 4 d o y
Consider the differential equation L2 410 =5 + 16 x=0. With initial conditionsx(0) =1 and

df dt
dx
s (0)=1.

The characteristic equation is # 4 10 7+ 16 =0. This equation has the solutions:

[ > restart:

[> solve(r"2+10*r+16=0);
-2, -8

8t

As you know, the homogeneous problem has the general solutionx, =c¢, e 2+ c, e .

We now find ¢ and c,
> clc2:= {cl,c2};
clc2:={cl,c2}

(> sol:=cl*exp(-2*t)+c2*exp(-8*t);



sol =cle * +c2e 8

eql:=subs(t=0,s0l);
eq1?=c1e04—0260

eq2:=subs(t=0,diff(sol,t));

eq2=-2cle®—8c2¢"

solve({eql=1,eq2=1},clc2);
1 3

c2=-—,cl=—

2 2
sol:=(3/2)*exp(-2*t)-(1/2)*exp(-8*t);

sol = — ¢ 2! — L s
2 2

plot(sol,t=0..2);
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